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PROOF OF SPRINGER’S HYPOTHESIS
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ABSTRACT

Let G be a reductive group over a finite field k of a characteristic p.
IT1: G, — Aut U is an irreducible representation of G in “‘a general position”.
Springer formulated a conjecture about values of the character of Il on
unipotent elements. This conjecture is proved in the article.

The present paper is devoted to the description of a class of complex
representations of reductive groups over finite fields. The question of the
description of representations of such groups was treated already in the
nineteenth century. Namely, Frobenius described all characters of irreducible
representations of SL(2, F,}, the group of 2 X 2 matrices of determinant 1 over
F,. Then in the beginning of the 1950’s the irreducible characters of GL(3,F,)
and GL(4,F,) were described and in 1955 Green described all irreducible
characters of GL(n,F,), any n. It turned out that the values of those characters
on semisimple elements can be easily written down, but the most complicated
task is to give their values for unipotent elements. The functions which give
those values (for GL(n,F,)) are Green polynomials. Moreover the larger part of
representations was easily partitioned into series (to every conjugacy class of tori
there corresponded a series) and values of characters of one series on unipotent
elements did not depend on a particular choice of a representation inside this
series.

In 1968 Srinivasan described irreducible characters of Sp(4, F,). It turned out
that also in this case the larger part of representations falls in series, each series
corresponds to a conjugacy class of tori, and for representations of one series the
restriction of their characters to unipotent elements does not depend on the
choice of character.

In consequence the hypothesis was formulated that for any connected
reductive group G over finite field F, and for any maximal torus T of G, there
exists a series of irreducible representations of G parameterized by T, and that
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the restriction of all characters of a fixed series to unipotent elements coincides
and is given by a function Qs (T, ) which depends only on the torus T.

In 1971, T. A. Springer {5] proposed a formula for the function Qs (T, u), u
varying over the set V of unipotent elements of G. He proved recently that for
nonconjugate tori T and T, the restrictions of Qs(T, ) and Qs(T’, ) to V are
orthogonal and that £,y | Qs (T, v)[? = | V|| W;|, where W is the Weyl group
of T [6].

In the present paper we show that Springer’s hypothesis is correct in the case
when the characteristic p of F, is big enough. Namely, for any character § of
torus T we construct a continuation Qs (T; 8) of Qs(T) to the whole group G
and prove that Qg (T; 6) is a virtual character of G. It follows from Springer’s
results on the functions Qg (T) that Z,c6 | Qs(T; 0;8) = |G| W(8)|, where
Wr(8) is the stabilizer of 8 in W Hence Qg (T 6) is an irreducible character
for # in general position (that 1s, when Wr(8)=1).

Quite recently, Deligne and Lusztig constructed for any character § of a
maximal torus T of G the action of G on an algebraic variety X, furnished with

a locally constant étale sheaf %, (Their construction is a generalization of
Drinfelds’ work, done for SL{2).) This data gives rise to the representation of G
in the Euler characteristic of %,, which is denoted R 1. Deligne and Lusztig [2]
have shown that

ZG ITrR(g) =1G|-| Wr(0)].
g€
Our results imply immediately that

TrRi(g)= = Qu(T; 6;38).
I want to express my gratitude to [. Bernstein, P. Deligne, and B. Weisfeiler
who helped me to do the present work.

Let G be a connected reductive Lie group over k =F,, G be the set of its
k-points, g be the Lie algebra of G and g be the set of its k-points.

Let us denote by V C G the variety of unipotent elements in G and by wCg
the variety of nilpotent elements in g. Let further U C G be a maximal unipotent
k-subgroup in G and uCg be its Lie algebra.

The following assumption is made throughout.

AssumpTiON (*). The maps In: V—w and exp:w— V are well defined and
the Campbell-Hausdorff formula holds for them.

Under this assumption the Killing form of g and its restrictions to all proper
reductive subalgebras are nondegenerate.
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Denote by ' the space of linear functionals on u. The group U acts naturally
upon u and #'. For A € u' let us denote by B, ( , ) the bilinear alternate form on u
given by

B, (uy, ) = Auy, us).

LEMMa 1. There exists a subalgebra h* Cu which is a maximal isotropic
subspace for B.. Any such subalgebra is called subordinate to A.

ProofF. Letu=u,2u,D - DUy =0 be aseries of normal subalgebras such
that dimu,/u,,, = 1for 0 =i = N — 1. Denote by h; Cu, the null-subspace of the
restriction of B, to u; and set h* = U ,_oh?} h* is subordinate to A.

Let H* =exph* and denote by A the function on H* given by A(h)=
A(Inh), h € H*. We shall call H* a subordinate subgroup to A. According to
Assumption (*), H* is a subgroup of U and A: H* — k. is a homomorphism into
the additive subgroup of k. Choose a nontrivial additive character ¢: k. — C* of
k. Set ¢, =yA: H* > C* Then ¢, is a character of H* Consider the
representation II, of U given by II, = Indi(¢.). Let x,(u)= det Tr(I1, (u)),
ue U

ProposiTION 1. —dimQ,

(W)= q——— 2 d(p(nu)).
2 1 €0,

Proor. Let jy(w)=yx.(expw), weEu By definition x,(w)=
[H*]"-ZS.cva(w*), where a, = ¢(A(w)) for w € h* and a,(w) = 0 otherwise.
Denote by L™ the affine subspace of u’ consisting of those functionals v/h* = A.
It is clear that

aw)=[L']" 3 dw).

Therefore

0= G &, V)

= [H—Allm ;U P(v*(w)).

LemMA 2. The group H, preserves L* and acts transitively on it.

Proor. The first assertion is evident. Denote by hg Cu the null-subspace of
B, and by H) C U the stabilizer of A. By (%), ks = In (H}). Let us consider the
map Hs\H* -5 L, given by a(h)= A"
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It follows from h§ = In H; that o is injective. Since H;\H§ ~ L* is the affine
space of dimension dim{2,/2, the lemma is proved.

CoroLLARY. H, acts transitively on L,.

Proor. Since Galois cohomology with coefficients in a connected unipotent
group is trivial, our corollary follows by standard arguments from Lemma 2.
We can now rewrite the formula for y,:

d1m QA

xr(w)= [L 1.4 2 y(v(w)=q—— Z F(v(w)).

Proposition 1 is proved.

ProposiTION 2. a) The representation 11, does not depend on the choice of h*.
b) I, is irreducible.

c) The representations 11, and 11, are equivalent iff 1, = ,..

d) dimII, = [Q.]"%

e) Any irreducible representation of U is equivalent to one of Tl,, A €',

Proor. a) Since any representation of a finite group is completely deter-
mined by its character, our assertion follows immediately from Proposition 1.
b) To prove b), we should check the equality

T2, e @r=1.

This later equality also follows immediately from Proposition 1.

c) Proved by the same argument as a).

d) Evident.

e) It follows from d) that 2,c,,(dimIl,)’ = [u'] = [u] = [U], where the sum is
taken over the subset u; Cu’ of representatives of orbits. Since representations
I1, are irreducible and pairwise inequivalent, ¢) is proved.

Let A be a regular element in g. For x € V set

Qu(x, A)=[U]" Z (W(B(xy),

where B is the Killing form of g and £2(A) is the orbit of A € g under the adjoint
representation of G in g. Since the centralizer of a semisimple regular element in
a reductive group is connected, (}(A) is the orbit of A under G.

THEOREM 1. The restriction of Qg(lnx, A) to U is a character of some
representation of U.
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Proor. It is sufficient to check that for any irreducible representation I of U
the scalar product (Qg( ,A), Trll)y Trll), is a natural number of zero.
According to Proposition 2 we can take [1 =11, for some A €u’. Let h* Cube a
subordinate subalgebra for A, H* = exph* and A be a corresponding character
of H*. By definition II, = India(A). By Frobenius reciprocity one has

(Qc( ,A), TrIL)=(Qc( , A), A = [H*]-’[U]*‘h;; Qc(inh, A)-A"'(h)

= [H‘]"[U]"f; Qs (f, A)d (= A(f))
=[H']"'[UT 2 E Y[B(fy)— AN

Since h* is a linear subspace and since B( ,y)— A( )is linear for any y € g, we
have

(Qc( ,A),Trll) = [X*].

1
(U]

Here X* CQ(A) is an algebraic variety consisting of those y € §2(A) for which
the restriction of B( ,y) to h* coincides with A,

Since A is assumed fixed we shall omit index A in our notation.

To prove that [U] divides [ X | we shall use the following general result whose
proof was given to us by P. Deligne.

Proposition 3 (P. Deligne). Let Z be an algebraic variety defined over a
finite field k. Denote by Z the corresponding variety over the algebraic closure k of
k. Suppose that there exists a partition of Z into a disjoined union of finite number
of constructive sets: Z = Uk Z, such that for every k,1=k =N Z, is open in
U .=« Z: and suppose further that for every i there exist morphisms f.: Z, — Y, of Z;
t0 algebraic varieties Y, such that for any i and any y € Y, the fiber f'(y) is either
empty or isomorphic to the fixed affine space A". Then [Z]-[k] " is an integer.

The proof is in the Appendix.

It follows now from Proposition 3 that to prove Theorem 1 it is sufficient to
check that X satisfies the assumptions of Proposition 3 with n = dim U.

To begin with let us describe the partition of X. Since we are working now
over an algebraically closed field, the regular element A is split and belongs to a
split torus I of Lie algebra g. We can assume that this torus J corresponds to a
torus T in G, which normalizes U. Let W be the Weyl group of G. For w € W
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let us denote by U, (resp. U.) the subgroup of U generated by the root
subgroups U, such that « is positive and a™ is negative (resp. a” is positive). It
is well known that for every w € W, U U, = U, U, = U. By Bruhat decomposi-
tion the group G is the finite disjoint union G = U, cwTU.wU of constructive
subvarieties G, = TU,.wU. For w € W set Q.(A)=AdG,.(A) and X, =
X NQ,(A). By definition 2,, = Ad(U) Adw AdU(A). Since A isregularin 7
we have AdU.(A)= A +u,, where u, is the Lie algebra of U.,. Hence
Q.(AY=AdU(A" + Adw(u,)). Since for all wE U, fE TJ, u €Eu, one has
B(Adu(f),u) =0, it follows that X,, is isomorphic to the set of pairs (u € U,w €
u.) such that for every f € h one has B(Adu Adw(w), f) = A(f).

Let us remark now that the set of functionals on u of the form Adw(u),
w € u;, coincides (taking into account that u=u;,@ u;) with the set of those
functionals u on u whose restriction to (Adw)(u.)Cu is zero.

Therefore Theorem 1 follows directly from a general Proposition below. To
state it we need some notation. Let U be a connected unipotent reduced Lie
group over k with Lie algebra u,L, H CU be connected subgroups with Lie
algebras & and h, A be a linear functional on h fixed by Ad H. Let us denote by
W’ the space of functionals on # and by X Cu’' X U the subvariety of pairs (g, u)
such that u |¢ =0 and Adu(u)ls = A

ProrosiTion  The variety X satisfies assumptions of Proposition 3 with n =
dim U.

Proor. Consider the action of L X H on U given by
(Lh)(u)=1"uh.

It follows from Rosenlicht’s Theorem that there exists a finite L X H invariant
partition U = U U; into constructive subsets U, such that the quotient space
¢i: U — & of U with respect to the action of L x H exists. Take X; =
X N (W x U;) and define morphism fi: Xi—> Y; by f:(w',u)= ¢.(u).

Let us now compute the fibers of f. Denote by £ Cw the subspace of
functionals whose restrictions to & are zeros and by h; Cu’ the affine subspace
of functionals which are equal to A on h. Let I=dimL, h =dimH. Then
dim#*=n~] and dimh,=n—h. For y €Y, let us denote by ¢, the fiber
¢;'(y)CU. Let u € ¢,. It is clear that ¢, is isomorphic to the quotient space
uLu™' N H\L x H. Since L and H are connected unipotent groups, the quotient
space ¢, is isomorphic to an affine space of dimension [+ h —m, where
m =dimuLu ™' N H, and projection 7: L X H— ¢, admits a regular section
y:d, > L X H. Set = Adu(Z*)N hi. It is clear that either ¢ = or ¢ is
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isomorphic to intersection Adu(&*)Nh* and hence is an affine space of
dimension

(n—-D+(n—h)+tm-n=n+m-I1-h.

The map a: ¢ X p, >w X U given by a(¥, ¢)=(y(¢)¥, ¢) gives rise to an
isomorphism a: ¢ X ¢ = f7'(Y,). Theorem 1 is proved.

Remark. T. A. Springer, in one of his talks at the time of his visit to Moscow,
informed us that he can prove that the function Qs (A, x) depends (for unipotent
x € V.CG)only on the centralizer of regular element A, that is, it depends only
on the maximal torus containing it. The discussion which follows will not use this
result. However, it permits us to simplify the notation and therefore we shall
assume the above result of T. A. Springer and write Qg (T, x) in place of
Qs (A, x). See the proof in [6].

As before, let G be a connected reductive k-group, T C G be a maximal
k-torus and 8: T — C* be a character. Using these data, we shall now define the
class function Qs(6; T;g) on G. Our definition is inductive. We shall assume
that Qy is defined for all proper reductive subgroups H CG. For g € G let
g = su be its Jordan splitting, s semisimple, u nilpotent and s commutes with u.

I. If s is not conjugate in G to an element of T, then we set Qg(8; T; g) = 0.

II. If 5 is conjugate in G to an element of T, we assume (as we can) that
seT.

a) If s &€ C(G), we set Qs(0;T;g)=06(s)0c(T; u).

b) If s& C(G), we set

Qa(6;T58)= (=1 Z%s)" 2, Quoe(xTx™,u) 6 (x'sx).

x'sxeT

Here Z%(s) is the connected component of the centralizer Z(s) of s in G,
a = a(G)— a(Z°(s)), o is the split semisimple rank.

MaIN THEOREM. For any pair (0, I) the class function Qs (6; T; ) is a virtual
character of G.

The proof of this result is rather long. To begin it we shall prove several simple
lemmas about structures. Let € = (C;) be a partially ordered set with maximal
element C,.

DEermniTION.  The Mobius function is a function u on € such that u(Gy)=1
and for any CE€ 4, C# Gy, Zceec=cu(C)=0
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It is clear that g is uniquely determined by these properties and that its range
are integers.

Let us say that € is a set with intersections if for any pair C,, C; € € the
partially ordered set €(C,, C;)={C € ¢|C = C,,C = C)} contains a maximal
element. It will be denoted C, N C-..

LeMMA 3. Let € be a finite partially ordered set with intersections. Then for

any CE 6, C# C, and any C, = C one has 2cnc-c,u(C')=0.

Proor. Denote by @ C€ the subset of D € € such that C,; =D = C and
define function A on 9 by the system of equations

AMC)=1;VDED#C, > A(D)=0.
D€
D'=D

A M

Then for any function « on € the following equality holds:

(1) @
2 AD) F a(C) = 2 a(C) 3 D) 2 s we

DE®D Cc'e c'e c'eE€
C'zD D=C’
€)
> AD)= Y a(C)
De2 C'E€
D=C'NC cnNe=¢C,

((1) is evident; (2) follows from the definition of intersection; (3) is implied by the
fact that for C'= C one has C'N C € 9). In particular

S, w@)= 3 A0) 3 wc)=0

cne=C; C'zD

since D = C# C,. Lemma 3 is proved.
Let again G be a connected reductive group and T CG be a maximal
k -subtorus of G.

DEerFINITION.  Let us say that a connected reductive k-subgroup HCG is
distinguished if there exists a subgroup T, C T such that H = Z&(To). It is clear
that H D T and H is generated by T and those root subgroups of G with respect
to T whose restriction to T, is 1. Let us denote by ¥ the set of distinguished
subgroups of G partially ordered by inclusion. & is a set with intersections: if
H,=ZT), H,= ZYT>), then H N H,= ZHT, - T:). Denote by u the Mébius
function of # and consider the function Ks(6; T; ) on G given by

Ko(0;T)=>. (= 1)""™u(H)IndiQu(6;T; ),

HeX
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where Indj; is the operation of induction of class functions from H to G.

ProrosiTiON 4, The support of the functions Ks(8;T; ) is contained in
C(G)x V. (Recall that C(G) is the center of G and V C G is the set of unipotent
elements.)

Proor. Let g = su, s is semisimple and u unipotent, su = us. Let us denote
by s.(a € A, A aset of indices) the set of elements of T which are conjugate to s
in G. Let us denote further by L, the centralizer of s, in G and by '} the set of
elements of T which are conjugate to s, in H.

Set I,; = Ind5;Qxn(0; T)(g)- By the definition of induction one has

Li=[H]"'S OQu(6:T;g*)=[H]"D Qu(6;T;s'u*)
xEG x€G
(where, as usual, Qu(8; T; h) is taken to be equal to zero if h & H). If s*u* € H

then s* € H. Hence
Li=[H]" Y Qu(8;T;s*u*).

xEG
s*eH

It follows from the definition of Qx(8; T) that Qun(8; T;s*u*)=0 if s* cannot
be conjugate to an element of T by an element of H. Therefore

Lo=[H]" 2, [sZ]-T3[" 2, Qu(6; T;5.u”)

s* =54

= |TE[ L. NnH[" EG Qu(8; T;s.u”™).
oEA x€E

s¥ =54

By definition (where [M] denotes the number of rational points of M)

2 QH(O, T;suux)

529
= (= 1)L, AHY[ Y Y Queene (BTh ™, u%)6(s2)
x€EG hEH
s¥=s, xﬁET
= (= 1)o@ nHP) 2 Ml_ 2 Quney (T, u™)0(ss).
s,,er';'lLa n H) , 1EG
5 =SB
Therefore

B (__ I)U(H)—o((LaﬂH)o) . )
I, = Z I(La N H)Ol ng O(nru,,,) (T, u )0(8‘,).
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Hence
Ks(6,T)(g) = ";w (- 1) u(H)

-1 o (L, NH))

=2 00s) ;c 2, 1) . aay] Qenm(Tu)

57 = Sa

=S e S S G

—— Qu(T,u*) Y w(H)
a€A xEG H'TL, |H ' Hex

s¥ =5, (HNL,) =H'

If s& C(G) then L.# G and Ks(8;T;g)=0 by Lemma 3. Proposition 4 is
thus proved.

ProposiTiON 5.  For all unipotent elements u € G the quotient
| Zs(u)| " -1 C(G)|- K (8; T;u)
lies in the ring Z[1/q].

Proor. We assume the assertion is proved for all connected reductive
subgroups of dimension <dimG.
If u € H, then, by definition,

Qu(Tw)=IUNH[" 3 wB.w)=IUNHITIT[" 3 ¢(B(A""w)

=IUNH[[TI S, (4B (A w"),

where w = In u. Let us denote by (¥ 2 B)u(A, ) the function on g given by

U(B(A,y)) for yEH
(WeB)u(Ay)= {

0 for yZ H.

Then

Ind§Qu(T)(u)=|HNU|" | T|"' D (oB)u(A,w?)

:JZGW} f‘/’°BlH(A’WY)
[UNH| yez&var [TNZsu?)]
Hence
Ko(9: T u)=|Z, _qyeen _p(H) WeB)u(A,w")
6: T =126l 2 0" T8 L2 Az

=1Zsw)l X ITNZsw")|" x

YEZGUNG/T
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_ o (H)
—_ a(H)
=lZe)] 2 TN Za@)" X IlUﬂHlH (WeB) (A w?).

H2u”

Let us set H, = ZXT N Zs(u”)). Since condition u” € H is equivalent to
H D H,, we have

KG(G, T; u) . lZG(u)lil - YEZ(;S(‘_MI)\G/T[JEC(X%_I(,!IOB) (A’ WY)

X 2 !*I!U(H)M(H!
i |UNH|

HDH,

To conclude the proof of Proposition 5 we shall prove

LemMMmA 4. Let HoC G be a distinguished subgroup and T, CT be its center.
Then

|C(G)| 2, [HNUI™(=1)"™u(H)

H>Hy
is divisible by |T,| in the ring Z[q'].

The proof of Lemma 4 is rather long and will be given in a number of steps.
The main step is Proposition 6 having independent interest.

Let # = {%:} be the set of classes of k-parabolic subgroups in G and let us fix
a representative P, € &, For any k-parabolic subgroup P of G let s(P) denote
its corank, that is, the split semisimple rank of its Levy subgroup. Set X; = P\G
and denote by X’ C X the subvariety of those points x € X; whose stabilizerin T,
is the center C(G) of G.

LEMMA 5. Letx € X, and let T, be the stabilizer of x in T. Then T, is the center
of some distinguished subgroup.

Proor. Let P, CG be the stabilizer of x in G. Then P, is a parabolic
subgroup and there exists a maximal torus T' of G, which contains T, and is
contained in P,. Consider the centralizer H, = Z;(T,) of T, in G. Then H,
contains T and T'. Hence C(H,)CT N T'= T, whence the assertion.

ProposiTiON 6. The following equality holds:

2 w(H)(=1™-[UNH|=2 (- 17X

H>H,
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Proor. For every distinguished subgroup H > H, let us denote by Ty C T its
center and by X, CX; the subvariety of fixed points of Tn. Lemma 5 implies
immediately the equality | X}/ = 2.0, u(H)| X |. Hence

2 CIX= 3 w1 X.

To conclude the proof of our Proposition it is sufficient to check the validity of
the following equality:

S (= 1) Xl = (= ™| U 0 H],

In the case when T, contains an element ¢ such that Zs(r) = H, our equality
turns (by Lemma 5) into the well-known formula for the character of the
Steinberg representation of the G. In the general case it should follow along the
same lines and would result in Proposition 6.

Let us denote by T the connected component of T, and by N the quotient
N =T,/Ts. It is known that there exists a polynomial a(t)€ Z[¢] such that
| To(F,r)| = a(q’). Let us denote by N(r) the order of N(F,). Analogously let us
denote by C(¢) such a polynomial that C(q") = | C°(G)(F,")| and also let us set
N'(ry= C(G)/C"(G)(F,). It follows from Lang’s Theorem (cf. [4]) that
| TW(F,-)| = N(r)-a(q’). Let us put further I(H)=dim (U N H) and

Pu(t)= 2, (— 1) ™ u(H)"™.

H>Hy

LEmMA 6. The quotient b(t)grPH‘,(t)-C(t)/a(t) is a polynomial. Moreover
b(q") is an integer and N(r)/N'(r) divides b(q").

Proor. Proposition 6 implies that Py(g") =2, (- 1) X(F,)|. Since T,
acts on X fixed-point-free, it follows that | X(F,/)| is divisible by | To(F, )| =
N(r)a(q'). Therefore the rational function b(t) takes integer values at points
t =q". Hence b(t) is a polynomial, as asserted.

Let us go now to the study of N(r). The Frobenius automorphism F acts on
N = N(F,) and N(r) is the number of fixed points of F" in N. Since N is a finite
group there exists a natural number n such that F" acts trivially on N. Hence the
number of fixed points of F” ' is the number of fixed points of F~', which is
equal to the number of fixed points of F. Hence N(nr — 1) = N(1). Analogously
N'(m—-1)= N'(1).

We return now to the proof of Proposition 5. We should verify divisibility of
Pu(q™) by |Ti|=N(Da(g). Since a(q™)= xa(g)g ™™ Clg")=
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= C(q) - q "™, it is sufficient to check that the value of N(1)™'- N'(1) - b(¢t) in
t = q ' falls into Z[q']. Note first that the coefficients of N(1)™'- N'(1)- b(t) are
rational. Let d be the least common multiple of their denominators. Represent d
in the form d = p™ - d’, where (p,d') = 1, p = char k. Let | be a natural number
such that g™ —1 is divisible by d'. Then

N'()b(g"™")/N(1)= N'(In — 1)b(g""")/N(In — 1)
is an integer (by Lemma 6). Therefore
N'(1)b(q "YN(1) = N'()b(q" YN+ N'(1)[b(q )~ b(g" - ¢ )IN(D).

Now the choice of [ guarantees that N'(1)- b(¢ ')/N(1) € Z[g']. Thus Lemma 4
and, therefore, Proposition 5 are proved.

To complete the proof of the Main Theorem we shall use the following easy
result:

LEMMA 7. Let M be a p-group, f(m), m € M, be a character of M and | be an
integer relatively prime to p. If values of the class function I”" - f(m) are algebraic
integers then 1”'f is a character of M.

The proof follows immediately from the fact that the index of the subgroup of
virtual characters in the group of integral class functions is of the form p"™.

ProoF oF THE MAIN THEOREM. Let us consider the function K (8, T) on G.
By the induction hypothesis and by Theorem 1 the restriction of this function to
U is a virtual character. By Proposition 4 the support of Ks(8, T) consists of
unipotent elements. We shall now prove that K¢ (6, T) is a virtual character of G.
By Brauer’s Theorem it is sufficient to prove that the restriction of Ks(8, T) to
subgroups of G of the form G, X G., where G, consists of semisimple elements
and G, consists of unipotent elements, is a virtual character.

Since the support of the restriction of Ks(6, T) to G, X G, is contained in G.,
that restriction is equal to Indg % ([G,]™" - Ko (8, T))lou. By Proposition 5 the
restriction of [G,] '+ Ks(6, T) to G, is integer-valued. Since | G,
prime to | G, |, it follows from Lemma 9 that this restriction is a virtual character.
Hence K (8, T) is a virtual character of G.

It follows now from the definition of Ks(6, T) and from the induction
assumption that Qg (6, T) is a virtual character of G. The Main Theorem is
proved.

is relatively

THeOREM 3. Qg (6, T) coincides with the function (—1)"©"PRS intro-
duced by Deligne and Lusztig (cf. [2)).
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Proor. We shall assume that the theorem is proved for all groups of
dimension <dimG. Then it follows immediately that Qg(0,T)~
(—1)7 "R is supported by the set of unipotent elements. It follows from
results of T. A. Springer and Deligne-Lusztig (cf. [2] and [6]) that

21Qs(8, T)— (- 1" PR =4| Wi |- V],

where V is the set of unipotent elements of G.
On the other hand, the fact that Qg (6, T) and R 7. are virtual characters of G
implies that the sum above should be divisible by | G |. So it is zero, as asserted.

RemaRrk. 1 think that Assumption (*) made in the beginning about the
existence of In for unipotent elements is inessential. E. Gutkin proved that any
irreducible representation of the maximal unipotent subgroup U of GL (n,F,) is
induced from the one-dimensional representation of the group of F,-points of
the appropriate connected algebraic subgroup of U. If an analogous result will be
proved for the maximal unipotent subgroup of an arbitrary reductive group,
Assumption (*) would become superfluous, and in the case of good characteris-
tics the proof would need only minor corrections.

APPENDIX

Proof ofF ProrosiTioN 3. We will prove the proposition only in the case
when (*+) Z; is open in U, Z; for all. It is easy to see that it is enough for our
purposes.

Let H!(Z, Q.) be the étale cohomology of Z with compact supports ([4]),
o:Z— Z the Frobenius morphism over k and ¢, the corresponding linear
homomorphisms ¢;: H/(Z, Q.)— HI(Z,Q.). It is well known ([1]) that the
eigenvalues of ¢, are algebraic integers, and Tr ¢; € Z. The Lefschetz formula
([4)) tells us that [Z] = 2% (~ 1Y Tre,. So Proposition 3 immediately follows
from

ProposimioN 3'. Under the assumption of Proposition 3 and (**) the eigen-
values of ¢; are divisible by q".

Proor oF ProrosiTioNn 3. Let K be a finite extention of k. It is clear that
Proposition 3’ is true for Z iff it is true for Z®specx Spec K. So we can suppose
that the decomposition Z = U Z, and the morphisms f.: Z, — Y; are defined
over k.

Firstly we prove that the eigenvalues of the action o on H!(Z,Q.) are
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divisible by g". For this we consider the Leray spectral sequence corresponding
to morphism f.: Z, — Y,

Then we obtain E2*— H?'%Z, Q.) where E2*= H?(Y, R¥,Q.). We know
([3]) that a) R?f commutes with the base change, and b) HI(A")=0if j# 2n and
H(A") = Q.(n). So we see that Hi(Z,Q.)= H:™"(Y,R*f.Q.) and for every
closed point § € Y; the action of the Frobenius o, on the stalk (R*f,Q. )7 ([1]) is
divisible by [k;]". It follows now from ([3]) that the eigenvalues of ¢’ on
H!(Z,Q.) are divisible by g".

Let X be U, Y, It follows from (**) that X; is closed in Z, and X, = Z. We
will prove by induction that the eigenvalues of the action of Frobenius on H'(X,)
are divisible by ¢".

If i is big enough, X; = J and there is nothing to prove so suppose that our
statement is true for X; and prove it for X;_,. We have an exact sequence ([3]):

Hi(Z-1,Q.)> Hi(X..,,Q.)— Hi(X,Q.)= H"*"(Z:_,,Q.)

and all maps in it commute with Frobenius. So our statement follows from the
fact that Proposition 3 is true for X; and Z,_,. Proposition 3’ and, as follows,
Proposition 3 are proved.
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